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In recent theoretical and experimental investigations, researchers have linked the low-energy field
theory of a Weyl semimetal gapped with a charge-density wave (CDW) to high-energy theories with
axion electrodynamics. However, it remains an open question whether a lattice regularization of
the dynamical Weyl-CDW is in fact a single-particle axion insulator (AXI). In this Letter, we use
analytic and numerical methods to study both lattice-commensurate and incommensurate minimal
(magnetic) Weyl-CDW phases in the mean-field state. We observe that, as previously predicted from
field theory, the two inversion- (I-) symmetric Weyl-CDWs with φ = 0, pi differ by a topological axion
angle δθφ = pi. However, we crucially discover that neither of the minimal Weyl-CDW phases at
φ = 0, pi is individually an AXI; they are instead quantum anomalous Hall (QAH) and “obstructed”
QAH insulators that differ by a fractional translation in the modulated cell, analogous to the two
phases of the Su-Schrieffer-Heeger model of polyacetylene. Using symmetry indicators of band
topology and non-abelian Berry phase, we demonstrate that our results generalize to multi-band
systems with only two Weyl fermions, establishing that minimal Weyl-CDWs unavoidably carry
nontrivial Chern numbers that prevent the observation of a static magnetoelectric response. We
discuss the experimental implications of our findings, and provide models and analysis generalizing
our results to nonmagnetic Weyl- and Dirac-CDWs.
In condensed matter physics, one of the most impor-
tant tools is low-energy field theory. From the k · p
Hamiltonian of a solid-state material, one can develop
an effective action to characterize robust, and frequently
topological, long-wavelength response effects [1–9]. How-
ever, to extrapolate from a low-energy field theory to an
experimentally observable response, one must carefully
complete the theory to short (UV) wavelengths – specifi-
cally, two field theories that are identical at the k ·p level
may differ at large momenta, leading to distinct physi-
cal interpretations. For example, H(q) = σxqx + σyqy
can characterize one of the twofold Dirac points in a
graphene-like 2D semimetal [10–12], or the isolated Dirac
point on the surface of a time-reversal- (T -) symmetric
3D topological insulator (TI) [13–16]. While H(q) al-
ways carries the (Hall) response of a half-level 2 + 1-D
Chern-Simons theory [4, 5, 13, 14, 17], the total response
depends on the UV completion, which either includes
compensating Dirac points in 2D [4, 17–26], or the non-
trivial bulk of a 3D TI [4, 5, 13, 14, 17, 25–31].
Some of the most intriguing low-energy field the-
ories involve condensed-matter realizations of high-
energy electrodynamics [6]. In 3D insulators, the long-
wavelength response is governed by the action:
S[Aµ] =
1
4pi2
∫
d4xµνλρ(θ∂µ + vµ)Aν∂λAρ, (1)
in which Aµ is the electromagnetic gauge potential [2,
4, 5] [32], and vµ is a rotational-symmetry-breaking vec-
tor that determines the quantum anomalous Hall (QAH)
response. When vµ = (0,v) is constant:
σHij =
e2vk
h
kij , (2)
where σHij is the Hall conductivity tensor. For gapped
periodic systems:
v = Ci(k ·Ri)Gi, (3)
whereRi is a primitive lattice vector, Gi is a primitive re-
ciprical lattice vector, and Ci(k·Ri) ≡ vi/|Gi| = νi is the
weak Chern number [Fig. 1(b)] in each of the Brillouin-
zone- (BZ-) planes normal to Ri [2–4, 33–35] [36]. In
Eq. (1), the axion angle θ governs the magnetoelectric
response [4, 5]; in terms of the non-abelian Berry con-
nection A:
θ[A] = 1
4pi
∫
d3kijktr
(
Ai∂jAk − 2i
3
AiAjAk
)
. (4)
Spatial inversion (I) and T symmetries (as well as other,
more complicated symmetries) [28] act to quantize θ as
a Z2 topological invariant for which θ = 0 (θ = pi) is
the trivial (topological) value [4, 5, 31][37]. In partic-
ular, νx,y,z = 0, θ = pi defines a 3D TI when T sym-
metry quantizes θ, and defines a magnetic axion insu-
lator (AXI) when T symmetry is absent and θ is in-
stead quantized by I [4, 5, 27, 28, 38, 39]. In 3D
TIs and AXIs, the combination of θ = pi and νx,y,z =
0 leads to unusual response properties, including low-
energy excitations resembling magnetic monopoles (the
Witten effect [40, 41]) and quantized Faraday and Kerr
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FIG. 1. (a) An I-symmetric AXI with νx,y,z = 0, θ = pi.
(b) A zˆ-directed, I-symmetric weak stack of Chern insulators
with a nontrivial QAH effect [νz = −1, νx = νy = θ =
0]. (c) In a superposition of (a) and (b), the hinge states
generically hybridize with the QAH surface states. Hence,
the superposition can be deformed into an oQAH insulator
[νz = −1, νx = νy = 0, θ = pi] equivalent to shifting the
QAH insulator in (b) by a half-lattice translation. A finite-
sized oQAH insulator either exhibits coexisting surface and
hinge states or exactly one fewer (or one more) QAH surface
state, depending on whether I symmetry is weakly broken.
rotations [4, 42]. AXIs have recently been recognized
as “higher-order” TIs [28–30, 43–60] (HOTIs) featuring
gapped surfaces and odd numbers of sample-encircling
chiral hinge modes [Fig. 1(a)]. AXI phases have been
proposed in a number of compounds [43, 61, 62] and ob-
served in Mn-doped 3D TIs [63–66].
A θ = pi phase also appears in the low-energy field
theory of a topological semimetal gapped by a charge-
density wave (CDW) distortion [1, 2, 67–69]. Specifically,
in Weyl semimetals (WSMs) – whose bulk Fermi pockets
[Weyl points (WPs)] are sources and sinks of Berry curva-
ture characterized by integer-valued topological (chiral)
charges [70–72] [Fig. 2(a)] – it was shown at the k · p
level that θ(x, t) = θ0 + φ(x, t), where θ0 = Q · x is the
contribution to θ(x, t) from two WPs separated by a mo-
mentum Q, and φ(x, t) is the (dynamical) phase of the
CDW order parameter [1, 2, 67–69]. The appearance of
an axionic response was attributed to the chiral anomaly
in quantum field theory. φ(x, t) is a Goldstone mode, and
hence can be tuned freely; uniform shifts of φ(x, t) are the
current-carrying sliding mode of the CDW. In disordered
or incommensurate CDWs, however, φ(x, t) is typically
pinned to a non-universal value [73–75]. Refs. [1, 2, 67–
69] have recently been revisited in light of experiments
on the CDW compound (TaSe4)2I [76, 77] demonstrating
WPs at high-temperatures [78, 79] and nonlinear nega-
tive magnetoresistance consistent with a gapped dynam-
ical Weyl-CDW [80].
Confusingly, the dynamical Weyl-CDW is frequently
labeled an AXI in the literature [1, 2]. However, because
the Weyl-CDW response in [1, 2] was derived from a k ·p
approximation, and at static φ in [3], then it remains an
open and urgent question whether there exists a UV com-
pletion in which δθφ = θφ=pi−θφ=0 mod 2pi = pi emerges
due to the topology of band electrons, and whether the
bulk at φ = 0, pi is a single-particle AXI. In this Let-
ter, we demonstrate that the I-symmetric UV comple-
(a)
(b)
FIG. 2. BZ and band structure folding from a CDW with
Q = (2pi/Nc)zˆ, N = 3. (a) A minimal I-symmetric WSM
with two WPs at kz = ±pi/3c and a BZ with Gz = (2pi/c)zˆ
[Eq. (5)]. Solid blue (red dashed) [black dotted] bands lie in
the first (second) [third] third of the first BZ. (b) The rBZ,
for which G′z = Q. The WPs from (a) are folded in (b) into
an (unstable) fourfold degeneracy at the rBZ boundary.
tion of the simplest dynamical Weyl-CDW is not an
AXI, but is instead, depending on φ, one of two topologi-
cally distinct QAH phases – a QAH insulator or an “ob-
structed” QAH (oQAH) insulator [Fig. 1(b,c)] – that dif-
fer by a fractional lattice translation. Crucially, although
θ is origin-dependent in the presence of a background
QAH [4, 30, 54], we find that the QAH and oQAH phases
still differ by an origin- (gauge-) independent, topologi-
cal axion angle δθφ = pi that reflects a difference in I-
quantized “Chern number polarization” [54, 81]. This
provides a direct analogy between axionic CDWs and
the Su-Schrieffer-Heeger model of an I-symmetric CDW
in polyacetylene [82], in which both phases are trivial
atomic limits that differ by a fractional lattice transla-
tion corresponding to an I-quantized topological polar-
ization. We demonstrate that the relative axionic re-
sponse of two I-symmetric Weyl-CDWs originates from
their single-particle band topology. We generalize our
findings to multi-band systems with two WPs and to in-
commensurate CDWs, establishing that QAH insulators
and topological phase shifts δθφ = pi are generic in mini-
mal I-symmetric Weyl-CDWs. Our focus on magnetic
Weyl-CDWs is further justified by recent experiments
demonstrating the existence of tunable magnetic WSM
phases in Co2MnGa [83], Co3Sn2S2 [84, 85], CoS2 [86],
CeAlGe [87], Mn3Sn [88, 89], and Mn3ZnC [90], many
of which host successive, symmetry-lowering magnetic
phase transitions below room temperature. In the con-
clusion and Supplementary Material (SM), we provide
additional models and analysis generalizing our results
to nonmagnetic Weyl- and Dirac-CDWs.
To begin, we introduce a simple model of a T -broken
(magnetic), I-symmetric WSM with two WPs and with
orthorhombic lattice vectors of length a, b, c in the xˆ, yˆ, zˆ
3directions, respectively [91]:
H(k) = −2[txσx sin(kxa)− tyσy sin(kyb)]
+ 2tzσ
z[cos(kzc)− cos Qc
2
]
−mσz[2− cos(kxa)− cos(kyb)], (5)
where m/2 > tx, ty, tz > 0. Eq. (5) is gapped
at half filling at all k points away from two WPs
at k = (0, 0,±Q/2) with chiral charges C = ±1
[Fig. 2(a)] related by I, here represented by IH(k)I−1 =
σzH(−k)σz. As shown in [92, 93] and in the Supplemen-
tary Material (SM), the occupied parity (I) eigenvalues
imply the k-space Chern numbers Cz(ckz = 0) mod 2 =
−1, Cz(ckz = pi) mod 2 = 0, mandating the appearance
of the |C| = 1 WPs.
We next construct a k · p expansion of Eq. (5) about
the two WPs:
H(q) ≈ −(2txaqxσx − 2tybqyσy)τ0 + 2tzcqz sin Qc
2
σzτz,
(6)
where the Pauli matrices ~τ act in the space of electron
annihilation operators c1/2,k as:
cR ≈
∑
k
c1ke
iR·[(Q/2)zˆ+k] + c2ke−iR·[(Q/2)zˆ−k]. (7)
Eq. (6) can be gapped by a CDW distortion:
HCDW = 2
∑
R
|∆| cos(QRz + φ)c†RσzcR (8)
= |∆|
∑
k
(c†
k−Q2 zˆ
σzck+Q2 zˆ
e−iφ + h.c.), (9)
which breaks the translation symmetry of Eq. (5), cou-
pling the two WPs and inducing a mass in Eq. (6):
Vφ = |∆|σz(τx cosφ− τy sinφ), (10)
that opens a gap at all φ for Q 6= pi/c, |∆| > 0. Crucially,
I symmetry is now represented in Eqs. (6) and (10) by
IH(q)I−1 = σzτxH(−q)σzτx, such that Eq. (10) only
preserves I (centered at the origin) for φ = 0, pi when
Q 6= pi/c (see SM).
Consistent with previous works [1, 2, 67–69], a do-
main wall between φ = 0, pi is equivalent to the criti-
cal point between a trivial insulator and an AXI [4, 28].
Correspondingly, because {H(q), Vφ} = 0 for all φ, I-
breaking defects in the space (∆, φ) will bind chiral
modes [94] (the axion strings in [1]). In [1, 2, 4, 6, 95],
the authors used the chiral anomaly to motivate the ap-
pearance of chiral modes, identifying the relationship
θ = [pi/2](1 − sgn[cosφ]) mod 2pi for φ = 0, pi. δθφ = δφ
is also consistent with magnetic symmetry-based indica-
tors {z˜4|z˜2xz˜2y z˜2z} for 3D crystals with I and translation
symmetries [28, 43–45, 48, 50–52, 57–59]:
z˜4 =
1
2
∑
ka∈TRIMS
(na+ − na−) mod 4,
z˜2,i =
1
2
∑
ka·Ri=pi∈TRIMS
(na+ − na−) mod 2, (11)
where na± are the number of valence ±1 parity eigen-
values at ka. Specifically, δφ = pi in Eq. (10) implies
that |δz˜4| = 2. However, because weak Chern num-
bers are only I-symmetry-indicated modulo 2 [92, 93],
|δz˜4| = 2 does not itself indicate an AXI transition. Ad-
ditionally, when νz 6= 0, defining θ uniquely requires the
specification of a reference state and I center (i.e., an
origin) [54]. Furthermore, if there are other bulk or sur-
face contributions to the topological response (e.g., other
massive Dirac fermions at larger momenta, or a back-
ground QAH), then defects in Vφ will host additional
states that coexist with and obscure the AXI bound
states. Therefore, to fully determine the topology of the
Weyl-CDW, we will analyze the lattice-regularized UV
completion [Eqs. (5) and (9)] beyond Eq. (11).
When Q = 2pi/Nc, N ∈ Z+ in Eq. (5), the CDW
is lattice-commensurate, and Eq. (5) remains periodic
in a folded (reduced) BZ (rBZ) with G′ = Qzˆ that in-
cludes bands translated from |kz| > pi/(Nc) [Fig. 2(b)].
For all values of N , the two WPs fold into a linear
fourfold (Dirac) [96] degeneracy at the rBZ boundary
[Eq. (6)]. We deduce from the bulk parity eigenvalues
that Cz(|kzc| < pi/N) = −1 , Cz(|kzc| > pi/N) = 0 for
all N ∈ Z+ [97], implying that νz = −1 in the rBZ
[Fig. 2(b)], independent of whether φ = 0, pi. Combining
νz = −1 with the k · p analysis preceding Eq. (11) and
fixing the origin to z = 0 in the modulated cell, we find
that φ = 0 [φ = pi] corresponds to a {2|001} zˆ-directed
weak Chern (i.e. QAH) insulator [{0|001} oQAH insu-
lator] (see Fig. 1) with νx,y = 0, νz = −1 and θ = 0
[θ = pi]. Despite the QAH and oQAH insulators differing
by a translation (Nc/2)zˆ, δθφ = pi, independent of the
choice of origin. In the SM, we provide further details,
and analytically compute νx,y,z and δθφ for N = 2.
To explicitly determine the bulk topology, we will em-
ploy model-agnostic numerical methods [28, 30, 54] to
extract νz(φ) and δθφ. To begin, we fix the origin to the
I center at (x, y, z) = (0, 0, 0) in the modulated cell, and
form an Ri-directed, I-symmetric slab. The Hall con-
ductance GH,i of the slab consists of an extensive contri-
bution from the bulk QAH and an intensive contribution
from θ that either reflects the bulk magnetoelectric polar-
izability or a QAH effect offset from the origin [4, 30, 54]:
GH,i = σH,iLi + (e
2θ/hpi), (12)
where σH,i = e
2νiGi/2pih is the Hall conductivity (given
by the weak Chern number νi), where Li is the (lattice-
regularized) thickness of the slab. Because a slab is a
4(b)
(c)(a)
FIG. 3. Bulk (νz) and slab (Gz) Chern numbers for an N = 3
(Q = 2pi/3c) commensurate CDW. (a) The yˆ-surface spectral
function at E = 0 exhibits a flat band. (b) The yˆ-surface
spectral function at k′z = 0 exhibits Cz(3k
′
zc) = −1 spectral
flow along k′x. The spectral functions in (a,b) are the same
for φ = 0, pi. (c) The yˆ-directed slab Berry phase [28] for
a slab with 5 unit cells in the zˆ-direction exhibits Gz = −5
(Gz = −4) spectral flow for φ = 0 (φ = pi). (a-c) imply that
the Weyl-CDW at φ = 0 (φ = pi) is a QAH (oQAH) insulator
[Fig. 1(b,c)], and that δθφ = pi.
quasi-2D system, it carries a quantized Chern number Gi
that is related to Eq. (12) by Gie2/h = GH,i. For I-
symmetric slab geometries, θ remains quantized to the
bulk value, and provides an odd-integer contribution to
Eq. (12) when θ mod 2pi = pi [28] – this effect mani-
fests in finite 3D systems with νx,y,z = 0 (i.e. AXIs)
via chiral hinge modes [Fig. 1(a)]. Therefore, given a
fixed, I-symmetric, Ri-directed slab, and knowledge of
νi, changes in θ can be numerically extracted through
Eq. (12). For the Weyl-CDWs in this Letter, our choice
of origin corresponds to a convention in which θ = 0 when
Gz = νzLz/(Nc) [98].
As an example, we analyze Eq. (5) with commensu-
rate Q = 2pi/3c. The tight-binding model in the rBZ ex-
hibits the symmetry-based indicators {2|001} ({0|001})
at φ = 0 (φ = pi) [Eq. (11)] (see SM). In Fig. 3(a,b), we
plot the yˆ-normal surface Green’s function and spectrum,
which are identical for φ = 0, pi. Because surface Green’s
functions do not capture hinge states [26, 28, 55, 99–
101] [102] (or origin-dependent changes in θ), then the
spectral flow in Fig. 3(b) and the flat band in Fig. 3(a)
indicate a bulk QAH contribution νz(φ = 0, pi) = −1.
We next cut the model in Fig. 3(a,b) into an I-
symmetric, zˆ-directed slab geometry with Lz/3c = 5 unit
cells, and calculate the yˆ-directed non-abelian slab Berry
phase (Wilson loop) W [28, 103–105] [Fig. 3(c)], whose
winding indicates that Gz(0) = −5 = νzLz/3c, Gz(pi) =
−4 = νzLz/3c + 1. Along with νz(φ = 0, pi) = −1,
|δGz| = 1 indicates through Eq. (12) that the insulating
Weyl-CDW at φ = 0 (φ = pi) is a QAH (oQAH) insula-
tor, implying that δθφ = pi.
Having demonstrated that I-symmetric, commensu-
rate Weyl-CDWs are either QAH or oQAH insulators, we
next explore the case of incommensurate modulation. Al-
though an incommensurate CDW is not translationally-
invariant, neither QAH nor oQAH phases require trans-
lation symmetry [4, 5, 27, 28, 38, 39]. Consequently,
(a) (b)
FIG. 4. (a) Band structure for the incommensurate Weyl-
CDW in an I-symmetric, xˆ-directed rod geometry with 21
sites in the yˆ and zˆ directions and with φ = 0. The chiral
states traversing the gap have degeneracy proportional to the
rod thickness, indicating that they are QAH background sur-
face states. When φ = pi, the rod spectrum is qualitatively
the same as (a), but exhibits one fewer pairs of chiral modes.
(b) The yˆ-directed Wilson loop of an I-symmetric, zˆ-directed
slab [28] of the model in (a) with 21 layers exhibits Gz = −9
(Gz = −8) spectral flow for φ = 0 (φ = pi), implying that
δθφ = pi.
Eq. (12) still applies, without modification, to zˆ-directed
slabs of Eq. (5) with incommensurate values of Q.
To confirm this result, we first cutH0+HCDW [Eqs. (5)
and (9)] with Q = ϕpi/2c (where ϕ is the golden ratio)
into an I-symmetric rod geometry. We observe an ex-
tensive number of QAH surface states along the rod for
φ = 0, pi, where there is exactly one fewer surface chiral
mode at φ = pi [Fig. 4(a)]. Next, to measure θ, we cut
the incommensurate Weyl-CDW into an I-symmetric, zˆ-
directed slab and calculate the yˆ-directed Berry phase,
as we previously did in Fig. 3(c). In the slab geometry,
|δGz| = 1 between φ = 0, pi [Fig. 4(b)]. Furthermore, in
incommensurate CDWs, tuning φ changes the bulk wave-
functions, but not the bulk energy spectrum [106, 107],
such that a bulk-insulating, incommensurate Weyl-CDW
with φ = 0 remains insulating at arbitrary φ. Addi-
tionally, νz cannot change without a bulk gap closure,
whereas θ is free to wind between 0 and pi at I-breaking
CDW angles away from φ = 0, pi [4, 5, 28]. As shown in
the SM, |δGz| = 1 in Fig. 4(b), along with GH,z calcu-
lated for successive rational appoximants of an irrational
Q, imply that, as in the commensurate case (Fig. 3),
the incommensurate Weyl-CDW carries the relative ax-
ion angle δθφ = pi.
Our results have several implications for experimental
investigations of axionic response in Weyl-CDWs. First,
we have demonstrated that a large QAH effect is un-
avoidable and guaranteed in both commensurate and in-
commensurate minimal Weyl-CDWs, independent of φ.
Second, the interplay between lattice and phase-angle de-
fects, which both bind 1D chiral modes, is a fruitful area
for future study, though one must cautiously separate
contributions from θ and those from a background QAH
effect [108, 109]. Next, we emphasize that the axionic re-
sponse in Weyl-CDWs is measurable through the dynam-
ical dependence of the quasi-2D QAH effect on φ, rather
5than through the static magnetoelectric polarizability at
fixed φ [110, 111]. Furthermore, soliton-like defects in
φ – which carry the same half-quantized Hall conductiv-
ity as gapped AXI surfaces for δθφ = pi [112] – can in
principle be manipulated by exciting the CDW sliding
mode. Finally, in I-symmetric, magnetic Weyl-CDWs,
our results highlight the experimental and theoretical dif-
ficulty of distinguishing QAH, oQAH, and AXI phases.
However, our results do imply that, by carefully com-
puting k-space Chern numbers and then zone-folding, it
is possible to predict the topology of Weyl-CDWs in real
materials without performing intensive quasiperiodic cal-
culations.
Our methodology can be extended to spin-density
waves [69, 113–115], and CDWs in T -symmetric
semimetals, including Dirac [96, 116, 117], Weyl, and
nodal-line semimetals [118–121], which also exhibit sig-
natures of higher-order topology [55, 99, 122, 123]. Most
interestingly, because rotation- and T -symmetric HO-
TIs [28, 56] can be formed from weak stacks of 2D
TIs [48, 51], then rotation-symmetric CDWs in T -
symmetric WSMs, such as the CDW in (TaSe4)2I [78],
may also exhibit nontrivial response effects. Specifi-
cally, a CDW can fold four WPs in a rotation- and T -
symmetric WSM into an eightfold double Dirac point
(DDP) in which line defects bind helical modes equiv-
alent to HOTI hinge states [124, 125]; alternatively a
DDP critical point can also be realized by coupling
two fourfold Dirac points with a CDW. Recent experi-
ments have demonstrated hinge-state-like step-edge he-
lical modes and robust edge supercurrents in rotation-
and T -symmetric WSMs [126–130], as well as a sta-
ble DDP and topological step-edge modes in the CDW
phase of TaTe4 [131]. In the SM, we present an explicit
model demonstrating that a T -symmetric Dirac-CDW
hosts an eightfold DDP critical point that separates weak
TI (WTI) and “obstructed” WTI (oWTI) phases that
differ by a helical HOTI. Unlike in the QAH and oQAH
Weyl-CDW phases, the difference between the WTI and
oWTI Dirac-CDWs cannot be connected to a known re-
sponse theory, because a θ-like topological field theory for
helical HOTIs has not yet been elucidated [28, 45, 55],
suggesting an intriguing direction for future study.
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as a dynamical parameter.
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I. PARITY (INVERSION) EIGENVALUE ANALYSIS OF THE MINIMAL MAGNETIC WEYL
SEMIMETAL TIGHT-BINDING MODEL WITHOUT MODULATION
In this section, we compute the parity [inversion (I)] eigenvalues of the occupied bands of the unperturbed tight-
binding model with two Weyl points (WPs), which is described by the Bloch Hamiltonian:
H0(k) = −2(txσx sin kxa− tyσy sin kyb) + 2tzσz(cos kzc− cos Qc
2
)−mσz(2− cos kxa− cos kyb). (1)
Eq. (1) respects I symmetry, which is represented by:
IH0(k)I−1 = σzH0(−k)σz. (2)
(kxa, kyb, kzc) n
a
+ n
a
−
(0, 0, 0) 0 1
(pi, 0, 0) 1 0
(0, pi, 0) 1 0
(pi, pi, 0) 1 0
(0, 0, pi) 1 0
(pi, 0, pi) 1 0
(0, pi, pi) 1 0
(pi, pi, pi) 1 0
TABLE I. Valence parity [inversion (I)] eigenvalue multiplicities (na±) for the unmodulated Hamiltonian H0(k) of a minimal
I-symmetric Weyl semimetal [Eq. (1)].
We will now deduce the parity eigenvalues in the ckz = 0, pi planes. First, at kzc = 0, Eq. (1) at the I-invariant
momenta (TRIM points) is given by:
H0(0, 0, 0) = 2tz(1− cos Qc
2
)σz, (3)
H0(pi/a, pi/b, 0) = −
[
4m− 2tz(1− cos Qc
2
)
]
σz, (4)
H0(pi/a, 0, 0) = H0(0, pi/b, 0) = −
[
2m− 2tz(1− cos Qc
2
)
]
σz. (5)
We observe that H0(0, 0, 0), H0(pi/a, 0, 0), H0(0, pi/b, 0), and H(pi/a, pi/b, 0) are proportional to the matrix I = σz
[Eq. (2)], implying that, for m ≥ 2tz, the occupied parity eigenvalues at k = (pi/a, 0, 0), (0, pi/b, 0), and (pi/a, pi/b, 0)
are positive, but the occupied parity eigenvalue at k = (0, 0, 0) is negative. Using the Z2 parity index for an I-
symmetric, time-reversal- (T -) broken 2D insulator [1–4], we then compute the Chern number C(kzc) of the occupied
bands in the kzc = 0 plane, which we find to be C(kzc = 0) mod 2 = −1. Conversely, in the kzc = pi plane:
H0(0, 0, pi/c) = −2tz(1 + cos Qc
2
)σz, (6)
H0(pi/a, pi/b, pi/c) = −
[
4m+ 2tz(1 + cos
Qc
2
)
]
σz, (7)
H0(pi/a, 0, pi/c) = H0(0, pi/b, pi/c) = −
[
2m+ 2tz(1 + cos
Qc
2
)
]
σz, (8)
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2implying that all of the parity eigenvalues of the occupied bands are positive, such that C(kzc = pi) mod 2 = 0.
Because C(kzc = pi)−C(kzc = 0) mod 2 = 1, then there must be a set of WPs with net chiral charge |C| mod 2 = 1
in each half of the Brillouin zone (BZ) [5], taking BZ halves to be indexed by positive and negative values of kz. We
have verified that Eq. (1) only features two total WPs with |C| = 1 chiral charges [6].
We summarize the parity eigenvalues in Table I; we will find this information useful for future calculations (see
Sec. II).
II. SYMMETRY INDICATORS FOR N-FOLD COMMENSURATE MODULATION
We will now extend the previous analysis in Sec. I to the more general case of commensurate, I-symmetric CDWs
characterized by Q = 2pi/Nc in Eq. (1). This is accomplished by folding the BZ into the reduced BZ (rBZ) – in which
we label crystal momenta k′ – and then counting the parity eigenvalues that have been folded onto each TRIM point
in the rBZ. In the Nk′zc = 0 plane in the rBZ, the occupied Bloch states have been folded from all of the BZ planes
at kzc = 2pim/N, m ∈ Z in the larger BZ of the unmodulated structure. Crucially, we recognize that pairs of Bloch
states folded from values of kz away from kzc = 0, pi will carry net-zero parity eigenvalues, because generic k points
away from kzc = 0, pi are not I-symmetric [7]. Conversely, Bloch states folded from TRIM points in the original
(unmodulated) cell will contribute the parity eigenvalues listed in Table I.
(k′xa, k
′
yb, k
′
zNc) n
a
+ n
a
−
(0, 0, 0) N/2 N/2
(pi, 0, 0) (N/2) + 1 (N/2)− 1
(0, pi, 0) (N/2) + 1 (N/2)− 1
(pi, pi, 0) (N/2) + 1 (N/2)− 1
(0, 0, pi) [(N/2)− 1] + Dirac [(N/2)− 1] + Dirac
(pi, 0, pi) (N/2) (N/2)
(0, pi, pi) (N/2) (N/2)
(pi, pi, pi) (N/2) (N/2)
TABLE II. Valence parity eigenvalue multiplicities (na±) for the Hamiltonian of an I-symmetric Weyl-CDW with N -fold
modulation Q = 2pi/Nc in Eq. (1), in the case in which N is even. The symbol Dirac represents the parity eigenvalue
contribution from gapping the fourfold Dirac degeneracy that forms at the rBZ boundary (see the discussion in the main text).
For Q = 2pi/Nc modulation with an even value of N , the kzc = 0, pi planes and N − 2 planes at generic values of
kz from the original BZ are folded into the k
′
zNc = 0 plane in the rBZ. Conversely, the occupied bands at k
′
zNc = pi
in the rBZ are folded from the kz-indexed planes containing the two WPs in the original BZ, as well as N − 2 planes
at generic values of kz. It is important to note that, at the rBZ TRIM point k
′ = (0, 0, pi/Nc), the two WPs from
the BZ have become folded into a fourfold Dirac degeneracy [8] in the rBZ. As discussed in the main text, there is
only one I-symmetric mass for the Dirac degeneracy if it directly gaps, such that the Dirac point either contributes
two negative or two positive parity eigenvalues to the set of valence parity eigenvalues. The resulting distribution of
valence parity eigenvalues is listed in Table II.
(k′xa, k
′
yb,Nk
′
zc) n
a
+ n
a
−
(0, 0, 0) (N − 1)/2 (N + 1)/2
(pi, 0, 0) (N + 1)/2 (N − 1)/2
(0, pi, 0) (N + 1)/2 (N − 1)/2
(pi, pi, 0) (N + 1)/2 (N − 1)/2
(0, 0, pi) [(N − 1)/2] + Dirac [(N − 3)/2] + Dirac
(pi, 0, pi) (N + 1)/2 (N − 1)/2
(0, pi, pi) (N + 1)/2 (N − 1)/2
(pi, pi, pi) (N + 1)/2 (N − 1)/2
TABLE III. Valence parity eigenvalue multiplicities (na±) for the Hamiltonian of an I-symmetric Weyl-CDW with N -fold
modulation Q = 2pi/Nc in Eq. (1), in the case in which N is odd. The symbol Dirac represents the parity eigenvalue
contribution from gapping the fourfold Dirac degeneracy that forms at the rBZ boundary (see the discussion in the main text).
For Q = 2pi/Nc modulation with an odd value of N , the situation is similar to the even case. In the k′zNc = 0 plane
of the rBZ, there are folded Bloch states originating from the kzc = 0 plane in the BZ of the unmodulated structure,
as well as Bloch states from N − 1 additional planes at generic values of kz. In the Nck′z = pi plane of the rBZ,
3there are states originating from the kzc = pi plane of the original BZ, Bloch states from the two kz-indexed planes
containing WPs in the original BZ, and Bloch states originating from N − 3 additional planes at generic values of kz.
As in the even case, at the rBZ TRIM point k′ = (0, 0, pi/Nc), the two WPs from the BZ have become folded into a
fourfold Dirac degeneracy [8] in the rBZ. The resulting distribution of valence parity eigenvalues is listed in Table III.
For all N ∈ Z+, when the Dirac degeneracy at k′zNc = pi is directly gapped, the resulting occupied parity eigenvalues
are determined by the CDW phase φ. As determined through the k ·p analysis in the main text, when φ = 0 (φ = pi),
the Dirac degeneracy is split to contribute two additional negative (positive) parity eigenvalues. Because the Weyl-
CDW with commensurate N has 3D translation and I symmetries, then it respects the symmetries of magnetic space
group MSG 2.4 (P 1¯), numbered in the convention of Belov, Nerenova, and Smirnova (BNS) [7, 9] (the Hamiltonian
also respects additional symmetries that do not affect the analysis performed in this Letter). Previous works [10–19]
have determined the symmetry-based indicators in MSG 2.4 (P 1¯) to be given by:
z˜4 ≡ 1
2
∑
ka∈TRIMS
(na+ − na−) mod 4, (9)
and:
z˜2i ≡ 1
2
∑
ka∈TRIMS
ka·Ri=pi
(na+ − na−) mod 2, (10)
where in particular, odd values of weak z˜2i, along with the presence of a bulk gap at all k points (i.e., the absence
of WPs), indicate that the Chern number Ci(ki) mod 2 = 1 at all values of ki. Using the parity eigenvalues listed in
Tables II and III, we deduce that:
z˜4(φ = npi) = 1 + (−1)n, z˜2x = z˜2y = 0, z˜2z = 1. (11)
In particular, the nontrivial, φ-independent weak Chern index z˜2z = 1 directly indicates the presence of an unavoidable
QAH background with an odd Chern number, as discussed throughout the main text.
III. EXTENSION TO INCOMMENSURATE MODULATION
In this section, we will show that the previous zone-folding arguments in Sec. II can be extended beyond integer
values of N in Q = 2pi/Nc. To begin, in the case in which Q = 2piM/Nc, where M and N are coprime positive
integers, the rBZ continues to have a well-defined primitive reciprocal lattice vector Gz = (2pi/Nc)zˆ. However, when
Q = 2piM/Nc, the two WPs are separated by a momentum Nδk′zc = 2piM . This implies that M planes indexed by
kz with |kz| < δk′z/2 in the original BZ – whose occupied bands each carry a Chern number νz = −1 – will be folded
onto the same value of k′z in the rBZ. Thus, in the gapped Weyl-CDW phase with Q = 2piM/Nc, there is a weak
Chern number νz = −M . When M is odd, the two WPs in the original BZ continue to fold onto the k′ = (0, 0, pi/Nc)
point in the rBZ, and the previous parity eigenvalue analysis in Sec. II applies. However, when M is even, the two
WPs fold onto the k′ = 0 point in the rBZ. Nevertheless, the k · p Dirac Hamiltonian that we analyzed in the main
text is agnostic to the TRIM point around which it is formulated, and therefore also characterizes the fourfold Dirac
point that forms at k′ = 0 when |∆| = 0 and M is even. Therefore, the dependence of the strong (z˜4) and weak
(z˜2i) indices on the CDW phase φ [Eq. (11)] continues to imply that, for a zˆ-directed slab with thickness Lz of a
Weyl-CDW with modulation Q = 2piM/Nc, the anomalous Hall conductance GH,z is given by:
GH,z =
e2
h
(
−MLz
Nc
+
θφ
pi
)
, (12)
where δθφ = θφ=pi − θφ=0 mod 2pi = pi relative to a fixed choice of origin (see the main text for a more general
expression for slab Hall conductance).
Crucially, because any irrational modulation can be expressed as the limit of a sequence of rational approxi-
mants [20], this implies that our results also extend to Weyl-CDWs with incommensurate modulation. Taking the
limit in which N/M becomes irrational while keeping the slab Chern number MLz/Nc fixed, we conclude that,
for both commensurate and incommensurate Weyl-CDWs formed from minimal I-symmetric Weyl semimetals, the
anomalous Hall conductance of a zˆ-directed slab with thickness Lz is given by:
GH,z =
e2
2pih
(−QLz + 2θφ) . (13)
4Because δθφ = pi for every rational Q, then we conclude that δθφ = pi remains true in the limit of irrational Q. To
leading order in the thermodynamic limit, Eq. (13) is consistent with the statement that the CDW preserves the
anomalous Hall conductance obtained by integrating the k-space Chern numbers between the WPs of the parent
(unmodulated) Weyl semimetal.
IV. EXPLICIT MODEL OF A COMMENSURATE WEYL-CDW WITH N = 2 MODULATION
In the case of Q = 2pi/Nc = pi/c (N = 2) modulation (i.e., a Peierls distortion), the unmodulated Hamiltonian H0
in Eq. (1) can simply be re-expressed in a larger unit that is doubled in the zˆ- (c-axis-) direction. The position-space
embedding of the N = 2 modulated Hamiltonian then arises from four total orbitals, which are distributed into pairs
located at (x, y, z) = (0, 0, 0) and (0, 0, c) within the doubled cell. Introducing a vector of Pauli matrices ~µ to index
the orbitals at z = 0, c, we obtain the unmodulated Hamiltonian:
H0(k
′) = 2(−txσxµ0 sin k′xa+ tyσyµ0 sin k′yb+ tz cos k′zcσzµx)
−m(2− cos k′xa− cos k′yb)σzµ0, (14)
where k′ indexes momentum in the reduced BZ (rBZ). In the rBZ, the reciprocal lattice vectors are given by G′x =
(2pi/a)xˆ, G′y = (2pi/b)yˆ, and G
′
z = (pi/c)zˆ, such that H0(2ck
′
z + 2pi) is now related to H0(2k
′
zc) by the reciprocal
lattice vector G′z. Eq. (14) is I symmetric; using induction from the real-space data [21] (i.e., the positions of the
four orbitals), we deduce that the matrix representative of I at each of the eight rBZ TRIM points k′a is given by:
I(k′a) = σz ⊗
(
1 0
0 e−i2ck
′
az
)
. (15)
We next consider the modulation induced by the CDW distortion, which is given by HCDW in the main text. For
the case in which N = 2, QRz ∈ piZ, such that:
cos(QRz + φ) = (−1)
QRz
pi cosφ. (16)
Eq. (16) implies that the on-site modulation HCDW assumes a form:
HCDW = |∆| cosφσzµz. (17)
Surprisingly, for N = 2 (Peierls) modulation, HCDW is I-symmetric at all values of φ, distinctly unlike the more
generic CDWs discussed throughout this Letter. Because I = σzµz at the four TRIM points in the 2ck′z = pi plane
[Eq. (15)], then the k · p expansion of H0 + HCDW around k′ = (0, 0, pi/2c) acquires a Dirac mass Vφ = I|∆| cosφ.
Consequently, for |∆| > 0, the Dirac degeneracy at k′ = (0, 0, pi/2c) splits, leading at half filling to two occupied
bands at k′ = (0, 0, pi/2c) with negative [positive] parity (I) eigenvalues when sgn[cosφ] is positive [negative].
For values of |∆| small enough to not invert bands elsewhere in the rBZ, the occupied parity eigenvalues at the
four TRIM points in the 2ck′z = 0 plane are given by {+−,++,++,++} for all values of φ. Conversely, the valence
parity eigenvalues in the 2ck′z = pi plane are φ-dependent, and are given by {−−,+−,+−,+−} when sgn[cosφ] is
positive and by {++,+−,+−,+−} when sgn[cosφ] is negative (unlike in the case of general modulation, for N = 2
modulation Q = pi/c, the bulk is gapless at φ = ±pi/2). We observe that the occupied parity eigenvalues computed for
Q = pi/c (N = 2) modulation are consistent with the valence parity eigenvalue formulas for even-N modulation listed
in Table II. Using the symmetry-based indicators {z˜4|z˜2xz˜2y z˜2z} for 3D crystals with I and translation symmetry
(see Sec. II and the main text) [10–19], we determine that the occupied bands of the N = 2 minimal Weyl-CDW
are characterized by the indices {2|001} [{0|001}] when sgn[cosφ] is positive [negative]. From the slab Berry phase
analysis performed in the main text, we conclude [using the origin choice specified by the embedding in Eq. (14)]
that the Weyl-CDW with N = 2 modulation is a weak Chern (QAH) insulator with νz = −1, θ = νx = νy = 0 when
sgn[cosφ] is positive, and consequently is an “obstructed” QAH (oQAH) insulator with θ = pi, νz = −1, νx = νy = 0
when sgn[cosφ] is negative.
In the four-band model H0 + HCDW , we find that δθφ = θφ=pi − θφ=0 mod 2pi can in fact be directly computed.
At nonzero values of k′x and k
′
y, the Hamiltonian H0 +HCDW is generically gapped for all values of φ, allowing us to
specialize momentarily to the line k′x = k
′
y = 0 along which the bulk gap is smallest (or vanishing for φ = ±pi/2):
H(0, 0, k′z, φ) = σ
z(2tzµ
x cos k′zc+ µ
z|∆| cosφ). (18)
First, we fix φ to a value away from φ = ±pi/2; this opens a bulk gap at all k′ points in the rBZ. Next, we tune tz to
zero, which does not close a bulk gap. With tz → 0, [H0 + HCDW , µz] = 0, allowing us to divide the two occupied
5bands into µz = ±1 sectors. When φ is fixed to a value φ 6= ±pi/2 and then tz is set to zero without closing the bulk
gap, H0 +HCDW assumes the k
′
z-independent form of a 2D Chern insulator [22], but only within one of the µ
z = ±1
sectors [Eqs. (14) and (17)]; in the other (µz = ∓1) sector, the occupied band carries a trivial Chern number.
In the case in which cosφ > 0, the band with µz = 1 [µz = −1] in H0+HCDW carries the Chern number Cz(k′z) = −1
[Cz(k
′
z) = 0] for all values of k
′
z in the rBZ. In the definition of I symmetry in Eq. (15), the µz = 1 (µz = −1) sector
is k′z-independent (k
′
z-dependent). First, we note that because the µ
z = 1 subspace of H0 +HCDW is k
′
z-independent,
and has a k′z-independent embedding [from the definition of I in Eq. (15)], then we can inverse-Fourier-transform
the k′z component of the µ
z = 1 subspace of H0 + HCDW to realize a Cz = −1 Chern insulator at z = 0. Next, we
recognize that, while the µz = −1 subspace in the I embedding is k′z-dependent [Eq. (15)], the occupied band in the
µz = −1 subspace is topologically trivial. We have confirmed that the trivial occupied band in the µz = −1 subspace
of H0 +HCDW with cosφ > 0 can be inverse-Fourier-transformed in 3D into a maximally- (exponentially-) localized
Wannier orbital [23] at (x, y, z) = (0, 0, c). Therefore, consistent with our earlier determination in this section that
the Weyl-CDW with N = 2 modulation and phase cosφ > 0 carries the topological indices νz = −1, θ = νx = νy = 0,
we find that H0 + HCDW with cosφ > 0 can be deformed into the limit of a weak stack [10–12, 18, 19, 24] of one
Cz = −1 Chern insulator in the z = 0 plane plus one Wannier orbital at (x, y, z) = (0, 0, c) per doubled cell.
In the case in which cosφ < 0, we find that the resulting orbitals and Chern insulators are related to the previous
case of cosφ > 0 by a (now-fractional) lattice translation t = czˆ, similar to the relationship between the two phases of
the Su-Schrieffer-Heeger (SSH) model of polyacetylene [25] (c.f. [26]). To see this, we first note that when cosφ < 0,
the band with µz = 1 [µz = −1] in H0 + HCDW carries the Chern number Cz(k′z) = 0 [Cz(k′z) = −1] for all values
of k′z in the rBZ. We then again note that, in the definition of I symmetry in Eq. (15), the µz = 1 (µz = −1)
sector is k′z-independent (k
′
z-dependent). This implies that a trivial band in the µ
z = 1 sector can be inverse-Fourier-
transformed into a Wannier orbital at (x, y, z) = (0, 0, 0), but also implies a more complicated dependence on k′z for
the Cz(k
′
z) = −1 band in the µz = −1 sector. However, if we shift our origin by an amount t = czˆ, we restore the
previous relationship between the embedding in I and the µz = ±1 sectors of the k′-space Hamiltonian H0 +HCDW ;
specifically, we again realize a situation in which the band with nontrivial Chern number lies in the same µz sector
as the sector of I with no k′z dependence. This allows us to once again inverse-Fourier-transform the k′z components
of the two occupied bands of H0 + HCDW with cosφ < 0 to realize a weak stack of Wannier orbitals and Chern
insulators. However, in the case of cosφ < 0, the weak stack consists of one Wannier orbital at (x, y, z) = (0, 0, 0)
plus one Cz = −1 Chern insulator in the z = c plane, which we recognize as an oQAH insulator with the topological
indices θ = pi, νz = −1, νx = νy = 0. The case of N = 2 modulation thus emphasizes the origin-dependence of θ when
νx,y,z 6= 0. However, in the presence of I symmetry, the difference δθφ = pi between cosφ > 0 and cosφ < 0 is origin-
and gauge-independent and topological, analogous to the difference in the positions of the Wannier centers between
the two phases of the SSH model [25, 27, 28].
We can also analytically determine that δθφ = pi for an I-symmetric Weyl-CDW with N = 2 modulation by
appealing to the field-theoretic discussion in the main text and expressing θ in terms of the non-abelian Berry
connection A. While the Chern-Simons form CS3[A] appearing in the integrand of Eq. (2) of the main text can be a
bit cumbersome to evaluate due to gauge-fixing in the presence of nonzero weak Chern numbers, we can simplify the
analysis by computing the difference δθφ [29, 30]:
δθφ = θφ=pi − θφ=0 mod 2pi = 1
4pi
∫
CS3[A(φ = pi)]− CS3[A(φ = 0)] (19)
=
1
16pi
∫
d3k′dk4µνλρtr(ΩµνΩλρ), (20)
where Ω is the non-abelian Berry curvature for the occupied states of the Hamiltonian:
H(k′, k4) = H0(k′) + k4σzµz, (21)
and where the integral in Eq. (20) is taken within the range k4 = −|∆| to k4 = |∆|. H(k′, k4) is I-symmetric,
where we define I-symmetry as leaving k4 invariant (since HCDW is I-even). The presence of I symmetry causes
the contribution to the integral in Eq. (20) to be zero from every I-symmetric region that does not enclose a gapless
point of H(k′, k4) at half filling. Thus, we can deform the region of integration to an infinitesimal ball surrounding
the degeneracy at (k′, k4) = (0, 0, pi/2c, 0). We next expand the Hamiltonian H(k′, k4) about the degenerate point in
(k′, k4) = (0, 0, pi/2c, 0) + (q′, q4), and obtain the k · p Hamiltonian of a 4D fourfold Dirac fermion:
H(q′, q4,∆) ≈ −txaq′xσxµ0 + tybq′yσyµ0 + tzcq′zσzµx + q4σzµz, (22)
For the Dirac Hamiltonian in Eq. (22), the integrand µνλρtr(ΩµνΩλρ) = 16pi
2δ(q, q4) in Eq. (20) takes the form of a
point source [29, 31], allowing the integral to be computed directly:
δθφ = θφ=pi − θφ=0 mod 2pi = pi. (23)
6Having previously established that νz = −1, νx = νy = 0 for H0 + HCDW when cosφ < 1, we conclude that the
N = 2 Weyl-CDW with phase cosφ < 1 is an oQAH insulator with the symmetry-based indicators {0|001} and the
topological indices θ = pi, νz = −1, νx = νy = 0, in agreement with more general formulation in Sec. II, and consistent
with our analysis of the other Weyl-CDW models in this Letter [though we again note that the relative assignment
of θ depends on the choice of origin, which we have here chosen to be (x, y, z) = (0, 0, 0)].
V. WEYL-CDWS WITH NONTRIVIAL CHERN NUMBERS AT kz = pi
In this section, we consider a slightly distinct Weyl semimetal (WSM) from the model studied in the main text.
Here, we again consider a WSM with I and 3D translation symmetries, but one in which the kz = pi/c plane now
carries a nontrivial Chern number C(kzc = pi) = 1, instead of the kz = 0 plane. To realize this configuration of Chern
numbers [C(kzc = 0) = 0, C(kzc = pi) = 1], we reverse the signs of tx, ty, and m in H0 in the main text. We again
introduce the on-site CDW mass HCDW with a commensurate modulation in the zˆ-direction by Q = 2pi/Nc, and
then again fold bands into the rBZ. For the WSM in this section, each band outside of the rBZ now contributes +1 to
the weak Chern number, because each plane outside of the rBZ has the k-space Chern number C(|kzc| > pi/N) = 1.
In this case, independent of the CDW phase φ, we find that the gapped Weyl-CDW phase still unavoidably carries
the weak Chern numbers νx = νy = 0, νz = N − 1.
We next determine the parity eigenvalues and symmetry-based indicators [10–19] of the WSM in the presence of a
CDW with commensurate modulation Q = 2pi/Nc. For even values of N , the resulting band topology is the same as in
the previous analysis performed in Sec. II. However, when N is odd, the weak symmetry index z˜2z = N−1 mod 2 = 0,
implying that νz is even (though we have shown in the previous paragraph that νz cannot be zero). Next, we determine
the strong index z˜4 by repeating the analysis used to construct Table III. Through this analysis, we find that there
are 2N + 2 positive and 2N − 2 negative valence parity eigenvalues in the k′zNc = 0 plane, and 2N − 2 negative and
2N positive parity eigenvalues and one fourfold Dirac fermion in the k′zNc = pi plane. Computing the strong index
z˜4, we find that:
z˜4(φ = npi) = 1− (−1)n. (24)
Thus, when φ = 0 the Weyl-CDW, in this section is a νz = N − 1 weak Chern insulator with the completely trivial
parity indices {0|000}, and when φ = pi, the Weyl-CDW is an oQAH insulator with the parity indices {2|000}.
Crucially, from the analysis performed in this section and throughout this Letter, we determine that the oQAH phase
of the Weyl-CDW carries the topological indices νz = N − 1, νx = νy = 0, and that the Weyl-CDWs at φ = 0, pi differ
by a topological axion angle δθφ = pi.
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FIG. 1. yˆ-directed Berry phase of an I-symmetric, zˆ-directed slab with Lz/3c = 5 layers of the N = 3 Weyl-CDW discussed
in this section, for which we have determined that the weak Chern number is νz = 2, independent of the CDW phase φ. When
φ = 0, the Berry phase crosses the dashed line with a positive slope Lzνz/3c = 10 times, indicating that θφ=0 = 0 in the
convention (i.e. choice of origin) used throughout this Letter. Conversely, when φ = pi, the Berry phase crosses the dashed
line with a positive slope (Lzνz/3c) + 1 = 11 times, indicating that θφ=pi = pi. Thus, the Weyl-CDWs at φ = 0, pi differ by a
topological axion angle δθφ = pi.
To confirm the presence of a nontrivial axion angle at θ = pi (in the origin-dependent convention employed through-
out this Letter), we perform numerical calculations for the case of commensurate modulation with N = 3. In Fig. 1,
7we have calculated the yˆ-directed Berry phase of an I-symmetric, zˆ-directed slab with 15 atomic layers, correspond-
ing to Lz/3c = 5 unit cells of the modulated Weyl-CDW phase. When φ = 0, the Berry phase implies a slab Chern
number Gz(φ = 0) = 10, which is consistent with a weak Chern number νz = N − 1 = 2 through Gz = Lzνz/3c.
Conversely, when φ = pi, the Berry phase in Fig. 1 implies a slab Chern number of Gz(φ = pi) = 11. This is consis-
tent with the observation that |δz˜4| = 2 indicates a difference in the parity of the Chern number of an I-symmetric
slab [2, 4, 10, 18, 19]. As discussed in the main text, for a fixed, I-symmetric slab geometry with more than one layer,
|δGz| = 1 implies that δθφ = pi. From the zone-folding analysis performed earlier in this section and the discussion
in the main text, Fig. 1 implies that, given our choice of origin, the Weyl-CDW is an oQAH insulator with θ = pi,
νz = 2, νx = νy = 0. Crucially, the difference δθφ = θφ=pi − θφ=0 mod 2pi = pi is origin-independent and topological.
VI. TIME-REVERSAL-INVARIANT SEMIMETAL-CDWS
In this section, we will show how our earlier analysis of magnetic Weyl-CDWs can be generalized to T -invariant
CDW phases of topological semimetals. In particular, we will show how a CDW distortion in an I- and T -symmetric
Dirac semimetal can open a topological gap, yielding two topologically distinct weak topological insulator (WTI)
phases. We begin with a T -doubled extension of Eq. (1):
H(k) = τz
[
m (cos kxa+ cos kyb− 2) + 2tz
(
cos kzc− cos Qc
2
)]
− 2txτxσz sin kxa+ 2tyτy sin kyb, (25)
where ~τ are a set of Pauli matrices that act in orbital space, and ~σ are a set of Pauli matrices that act in spin space
[we have relabeled the orbital Pauli matrices from σ in the T -breaking Weyl-CDWs elsewhere in this Letter to τ in
Eq. (25) to draw connection with the Bernevig-Hughes-Zhang and Fu-Kane-Mele models of 2D and 3D topological
insulators (TIs) [3, 29, 32–35]]. Eq. (25) is symmetric under I and T , which are respectively represented by:
IH(k)I−1 = τzH(−k)τz, T H(k)T −1 = σyH∗(−k)σy. (26)
H(k) in Eq. (25) is gapped except for two fourfold-degenerate Dirac points at k = (0, 0,±Qc/2), and has two negative
energy (occupied, valence) bands, and two positive energy (unoccupied, conduction) bands. We note that, because a
fourfold Dirac degeneracy may be considered the superposition of two |C| = 1 WPs with opposite chiral charges [36],
then Eq. (25) may also be considered an unstable intermediate point during the onset of a bidirectional CDW [37].
Specifically, we may consider the Dirac points in Eq. (25) to be formed from a CDW that couples and folds the four
WPs in a minimal T -symmetric, I-broken WSM into two fourfold Dirac points. In this (more unrealistic) picture,
the CDW that folds WPs into Dirac points also shifts atoms to induce a structural transition to an intermediate,
centro- (I-) symmetric, metastable structural phase. When we subsequently couple the two Dirac points with a
zˆ-directed CDW (see below), the CDW that couples the Dirac points may thus be considered the second contribution
to a bidirectional CDW in a minimal T -symmetric WSM. Though it is unrealistic to consider the case in which
a bidirectional CDW restores centrosymmetry, because WTI phases can also be stabilized in noncentrosymmetric
crystals [24], then it is possible to generalize the construction below to more realistic models of minimal T -symmetric
Weyl-CDWs. We leave this possibility for future works.
As previously in Sec. I, we can compute and analyze the valence parity eigenvalues in the kzc = 0, pi planes.
Evaluating H(k) at each of the eight TRIM points:
H(0, 0, 0) = 2tz(1− cos Qc
2
)τz, (27)
H(pi/a, pi/b, 0) = [2tz(1− cos Qc
2
)− 4m]τz, (28)
H(pi/a, 0, 0) = H(0, pi/b, 0) = [2tz(1− cos Qc
2
)− 2m]τz, (29)
H(0, 0, pi/c) = −2tz(1 + cos Qc
2
)τz, (30)
H(pi/a, pi/b, pi/c) = [−2tz(1 + cos Qc
2
)− 4m]τz, (31)
H(pi/a, 0, pi/c) = H(0, pi/b, pi/c) = [−2tz(1 + cos Qc
2
)− 2m]τz, (32)
we observe that H(k) is proportional to the matrix representative of I [Eq. (26)] at each TRIM point. For m ≥ 2tz > 0,
the two occupied states at k = (0, 0, 0) have negative parity eigenvalues, while the two occupied states at each of
8the other seven TRIM points have positive parity eigenvalues (see Table IV). Using the Fu-Kane parity index for
the 2D Z2 invariant z2D(kz = 0, pi/c) [3], the parity eigenvalues in Table IV imply that the kzc = 0 plane of H(k)
is topologically equivalent to a 2D TI z2D(0) = 1, while the kzc = pi plane of H(k) exhibits a trivial Z2 invariant
z2D(pi/c) = 0. We note that, unlike in the case of the magnetic WSM phase analyzed in the other sections of this
supplement and in the main text of this Letter, the difference in the Z2 indices z2D(pi/c) − z2D(0) mod 2 = 1 does
not necessarily imply the existence of Dirac points, because the Z2 invariant, unlike the 2D Chern number, is not
well-defined in BZ planes without T symmetry [e.g. kz 6= 0, pi/c]. This can be summarized by the statement that the
momentum-space Chern number implies the existence of WPs through a descent relation, whereas the Z2 invariant
does not universally imply the existence of fourfold Dirac fermions through an analogous descent relation (see [38]).
We also note that, because we have not explicitly enforced rotation symmetries, the Dirac points along kx = ky = 0
in Eq. (25) are generically unstable to I- and T -symmetric perturbations [39, 40]. For completeness, we note that
Eq. (25) can be tuned to a C4z-symmetric limit in which the Dirac points are symmetry-stabilized (tx = ty, a = b),
however, our analysis below does not require the presence of C4z or other rotation symmetries.
(kxa, kyb, kzc) n
a
+ n
a
−
(0, 0, 0) 0 2
(pi, 0, 0) 2 0
(0, pi, 0) 2 0
(pi, pi, 0) 2 0
(0, 0, pi) 2 0
(pi, 0, pi) 2 0
(0, pi, pi) 2 0
(pi, pi, pi) 2 0
TABLE IV. Valence parity [inversion (I)] eigenvalue multiplicities (na±) for the unmodulated Hamiltonian H(k) of a minimal
I- and T -symmetric Dirac semimetal [Eq. (25)].
We will now analyze Eq. (25) in the presence of a CDW. To guarantee that the CDW that couples the bulk Dirac
points induces a gap, we posit a T -symmetric symmetry-lowering CDW order that explicitly breaks the C4z symmetry
that is present in Eq. (25) in the limit that tx = ty, a = b; in the mean-field, the CDW potential takes the form:
H∆ = ∆
∑
k
[
c†k+Qτ
zeiφck + c
†
k−Qτ
ze−iφck + c
†
k [v1τ
xσx(sin kzc)(cos[kxa]− 1) + v2τxσx(sin kzc)(cos[kya]− 1)] ck
]
.
(33)
The first term in Eq. (33) is a translation-symmetry-breaking potential that opens a gap between the two Dirac points,
while the remaining two terms represent mirror- and rotational-symmetry-breaking couplings that may be induced
by the CDW order [for example, in the case of (TaSe4)2I, the CDW order breaks both translational and fourfold
rotational symmetry [41]]. We also note that, although the perturbation H∆ contains spin-dependent terms, H∆
respects T symmetry [Eq. (26)] and does not induce a non-zero spin expectation value at any position – hence, H∆ is
indeed the mean-field potential of a (spinful) CDW, as opposed to a spin-density wave. Thus, the full Hamiltonian:∑
k
c†kH(k)ck +H∆, (34)
for the distorted system is T -invariant for all φ, and I-symmetric for φ = 0, pi.
In complete analogy with our previous analysis of I-symmetric minimal Weyl-CDWs in Sec. II, when Qc = 2pi/N
in Eq. (33), we can use zone-folding arguments to analyze the Dirac-CDW phase. In the rBZ, the two Dirac points
are folded by a Qc = 2pi/N CDW on top of one another, resulting in a (generically unstable) eightfold double Dirac
point (DDP) [42, 43] (though first-principles calculations and quantum oscillations experiments of the CDW phase
of TaTe4 have demonstrated that it is possible for a CDW to fold two fourfold Dirac fermions into a stable eightfold
DDP, given a highly-specific combination of CDW-order symmetries [44]). In the Dirac-CDW model in this section,
the eightfold DDP is explicitly gapped by H∆. We next compute the valence parity eigenvalues and T -invariant
symmetry-based indicators for the insulating Dirac CDW phase in the I-symmetric limits of Eq. (33) φ = 0, pi.
The analysis can be simplified by observing that, because both Bloch states in every Kramers degeneracy at each
TRIM point in the Dirac-CDW phase have the same parity eigenvalues, and that the parity eigenvalues in Table IV
are equivalent to two (T -reversed copies) of the Weyl-CDW parity eigenvalues in Table I, then the counting of the
parity of Kramers pairs of states in the rBZ is identical to the counting of the parity of states in Sec. II. With I-
and T -symmetry, the symmetry-based indicators can be obtained by subducing bands onto Shubnikov SG (SSG) 2.5
9(P 1¯1′) [10, 12, 13, 24, 45, 46]. In SSG 2.5 (P 1¯1′), the strong Z4 index is given by:
z4 ≡ 1
4
∑
ka∈TRIMS
(na+ − na−) mod 4, (35)
and the weak Z2 indices are given by:
z2i ≡ 1
4
∑
ka∈TRIMS
ka·Ri=pi
(na+ − na−) mod 2. (36)
Thus, the previous analysis in Sec. II directly implies that, for the T -symmetric Dirac-CDW phase analyzed in this
section:
z4(φ = npi) = 1 + (−1)n, z2x = z2y = 0, z2z = 1. (37)
Eq. (37) implies that when ∆ 6= 0, there is a nonzero weak TI index vector (z2x, z2y, z2z) = (0, 0, 1), independent of
φ. In addition, the strong index z4 switches between z4(φ = 0) = 2 at φ = 0 and z4(φ = pi) = 0 at φ = pi. This shows
that, in analogy with the minimal I-symmetric Weyl-CDW considered in the main text, the eightfold DDP at ∆→ 0
represents a δz4,φ = z4(pi) − z4(0) mod 4 = 2 helical higher-order TI (HOTI) critical point [i.e. two superposed,
T -reversed copies of a fourfold Dirac axion insulator (AXI) critical point], embedded in a background WTI vacuum
[i.e. two superposed, T -reversed copies of a QAH background with odd νz].
We will now explore the physical consequences of the φ-dependent topology of the Dirac-CDW. First, we recognize
that we can understand both the {0|001} and {2|001} phases in SSG 2.5 (P 1¯1′) from a layer-construction perspective.
Following [24], we note that a periodic array of zˆ-normal 2D TIs stacked along the z-direction at z = 0 in each unit
cell carries the symmetry-based indicators {z4|z2xz2yz2z} = {2|001}; similarly, a zˆ-directed stack of zˆ-normal 2D TIs
at z = Nc/2 in each unit cell carries the symmetry-based indicators {0|001}. Thus, in analogy with the main text, we
may refer to the {2|001} phase at φ = 0 as a weak TI (WTI), and the {0|001} phase at φ = pi as an “obstructed” WTI
(oWTI). Analogously to the QAH and oQAH phases analyzed in the main text, the WTI and oWTI phases of the
Dirac-CDW also differ by a half-lattice translation in the modulated cell. The difference between the QAH and oQAH
phases is a {z˜4|z˜2xz˜2y z˜2z} = {2|000} AXI with θ = pi (see Fig. 1 of the main text). Correspondingly, the difference
between the WTI and the oWTI phases must be equivalent to two, superposed, T -reversed AXIs, and is therefore
a {z4|z2xz2yz2z} = {2|000} helical HOTI [16, 46]. However, unlike in the case of the QAH and oQAH Weyl-CDWs,
the difference between the WTI and oWTI Dirac-CDWs δz4,φ = 2 cannot be connected to a known response theory,
because a θ-like topological field theory for helical HOTIs has not yet been elucidated. We leave this exciting avenue
of study for future works.
To detect the difference between the WTI and oWTI phases, we can consider a finite, I-symmetric slab of a Dirac-
CDW. Although the slab Hall conductance will identically vanish by T -symmetry, we expect that, analogously to the
QAH and oQAH phases of the Weyl-CDW, as φ evolves from 0 to pi, the slab will transition from a 2D TI into a 2D
insulator with a trivial Z2 index due to the transition between WTI and oWTI phases. To validate this interpretation,
we consider the case of Qc = 2pi/3 modulation and analyze the distorted model in the rBZ. In Fig. 2, we first show the
yˆ-normal surface spectral function for a yˆ-directed Dirac-CDW slab with φ = 0 that is translationally invariant in the
xˆ- and zˆ-directions. In Fig. 2(a), we plot the surface spectral function at zero energy as a function of k′xa and 3k
′
zc; a
nonzero density of surface states can be observed at 3k′zc = 0 and 3k
′
zc = pi. In Fig 2(b), we plot the surface spectral
function of the same slab at fixed 3k′zc = 0 as a function of k
′
xa and energy, confirming that the surface degeneracies
in Fig 2(a) are two, twofold-degenerate Dirac-cone side-surface states. The surface spectra in Fig 2(a,b) are consistent
with a WTI (or oWTI) with a trivial Fu-Kane strong 3D index z4 mod 2 = 0. This is further corroborated by bulk
Wilson loops, as shown in Fig. 2(c). Although the plots in Fig. 2 were generated at φ = 0, we observe topologically
indistinguishable surface and Wilson-loop spectra for all values of φ. This is consistent with the recognition that the
momentum-space Z2 indices z2D(k′zNc = 0, pi) are quantized by T symmetry, even in the absence of I symmetry
[although the bulk topology is only symmetry-indicated in the I-symmetric limits φ = 0, pi].
Lastly, in Fig. 3, we compute the yˆ-directed Wilson loop of a zˆ-directed Dirac-CDW slab with Lz/3c = 5 layers
at φ = 0 and φ = pi . When φ = 0, the Wilson loop eigenvalues helically wind – specifically, there are 15 Wilson
bands crossing the horizontal dashed line in each half of the BZ in Fig. 3 at φ = 0. This indicates that the slab as a
whole can be viewed as a 2D TI when φ = 0 [47, 48]. In contrast, when φ = pi, there is no winding in the slab Wilson
spectrum, indicating that the slab exhibits a trivial Z2 invariant. In conclusion, we have shown that, in a minimal I-
and T -symmetric Dirac CDW, the difference in the strong Z4 invariant δz4,φ = 2 may be detected in the slab Wilson
loop, even though there does not yet exist a topological response theory associated to z4 [as opposed to the strong
index z˜4 of magnetic AXIs and Weyl-CDWs, for which δz˜4 = 2 carries the axionic response of a Chern-Simons 3-form,
see Eq. (22) and the surrounding text].
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FIG. 2. Surface spectral function and Wilson loops for the T -invariant Dirac-CDW with Qc = 2pi/3 at φ = 0. (a) The
yˆ-normal surface spectral function of a yˆ-directed slab of the minimal I- and T -symmetric Dirac-CDW in Eqs. (25) and (33)
at energy E = 0 as a function of k′xa and 3k
′
zc. Twofold degeneracies can be observed at (k
′
xa, 3k
′
zc) = (0, 0), (0.pi). (b) The
surface spectral function of the slab in (a) at fixed k′zNc = 0 as a function of k
′
xa and E. The surface spectrum in (b) exhibits
the characteristic linear dispersion of one of the two, twofold Dirac cones of the side surface of a WTI. We have numerically
confirmed that the twofold degeneracy at (k′xa, 3k
′
zc) = (0, pi) in (a) is also a linearly-dispersing, twofold Dirac fermion. (c) The
bulk, yˆ-directed Wilson loop as a function of k′xa at 3k
′
zc = 0, pi. The helical winding of the Wilson loop eigenvalues confirm
that the Dirac-CDW phase of Eqs. (25) and (33) exhibits the side surface states and bulk spectral flow of a WTI (or obstructed
WTI) Although these figures were generated using φ = 0, we have numerically confirmed that the surface spectral functions
and bulk Wilson-loop winding are both φ-independent.
FIG. 3. yˆ-directed Wilson loop of an I-symmetric, zˆ-directed slab of a minimal I- and T -symmetric Dirac-CDW [Eqs. (25)
and (33)] with Qc = 2pi/3 containing Lz/3c = 5 (distorted) unit cells. (a) The slab Wilson loop at φ = 0. The Wilson loop
eigenvalues cross the black dashed line 15 times in each half of the rBZ, indicating that the Dirac-CDW slab at φ = 0 is a 2D
TI, implying that the bulk Dirac-CDW is a WTI. (b) The Wilson loop of the slab in (a) with φ = pi. In (b), the Wilson loop
eigenvalues do not cross the black dashed line, indicating that the Dirac-CDW slab at φ = pi is has a trivial Z2 index, implying
in combination with the surface spectral function and bulk Wilson loop calculations in Fig. 2 that the Dirac-CDW at φ = pi is
an obstructed WTI that is equivalent to two, T -reversed copies of the oQAH phase in Fig. 1(c) of the main text.
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